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Abstract
We formulate the quantum field theory description of neutron-antineutron oscilla-
tions in the framework of canonical quantization, in analogy with the Bardeen–Cooper–
Schrieffer (BCS) theory and the Nambu–Jona-Lasinio model. The physical vacuum of
the theory is a condensate of pairs of would-be neutrons and antineutrons in the ab-
sence of the baryon-number violating interaction. The quantization procedure defines
uniquely the mixing of massive Bogoliubov quasiparticle states which represent the neu-
tron. In spite of not being mass eigenstates, neutron and antineutron states are defined
on the physical vacuum and the oscillation formulated in asymptotic states. The ex-
change of baryonic number with the vacuum condensate engenders what may be observed
as neutron-antineutron oscillation. The convergence between the present canonical ap-
proach and the Lagrangian/path integral approach to neutron oscillations is shown by the
calculation of the anomalous (baryon-number violating) propagators. The quantization
procedure proposed here can be extended to neutrino oscillations and, in general, to any
particle oscillations.
1 Introduction
The Bardeen–Cooper–Schrieffer (BCS) theory of superconductivity [1], especially in Bogoli-
ubov’s treatment [2], became well known to particle physicists by the work of Nambu and
Jona-Lasinio [3], who explored the analogy between the equations of motion governing the elec-
trons in a superconductor near the Fermi level and the free Dirac equation of a massive fermion
in Weyl representation. The spontaneous breaking of the U(1) symmetry associated with elec-
tric charge in the BCS theory is analogous to the spontaneous chiral symmetry breaking in the
Nambu–Jona-Lasinio (NJL) model. Ever since, the BCS theory has influenced particle physics
in a way that is hard to overestimate (see, e.g., Ref. [4]).
Another analogy that can be established, this time in the language of Majorana fermions,
is between the BCS Lagrangian and the effective Lagrangian of neutron-antineutron oscilla-
tions, which breaks baryon number symmetry [5]- [12] (for a recent review, see, e.g., Ref. [13]).
Neutron oscillations are a topical issue in present-day particle physics, mainly as a potentially
observable window into the baryon-number violating phenomena that led to baryogenesis. Ex-
perimental searches for neutron-antineutron conversion have been performed both with free
neutron beams, and within nuclei [14]. At the European Spallation Source (ESS), new ex-
periments are being planned, aiming at improving by three orders of magnitude [15] the best
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bound on the oscillation time (0.86 × 108 s), obtained at ILL-Grenoble. Searches for neutron-
mirror neutron oscillations [16] are also under consideration [17]. Recently, theoretical models
have been proposed in which neutron-antineutron oscillations could occur moderately rapidly,
at levels near to current limits and within reach of an improved search, around 109 − 1010 s.
Such models may be supersymmetric [18], or involve large extra dimensions [19], or still on
constraints from post-sphaleron baryogenesis [20].
Without speculating about the possible source of the baryon-number violation (which in
principle can be achieved by spontaneous breaking of symmetry connected to a baryonic ma-
joron [21]), the violation is usually considered to be explicit and not spontaneous. Nevertheless,
Bogoliubov’s formalism for the BCS theory can be adapted to the description of the neutron-
antineutron oscillations, taking place via Bogoliubov quasiparticles of Majorana type, which
represent the primary fermionic excitations of the system. The analogy between fermion oscilla-
tions with Majorana pseudoscalar mass term and BCS theory has been noted in the Lagrangian
picture in [22, 23], where a relativistic equivalent of the Bogoliubov transformation (to which
we shall return in Sect. 2, eq. (2.5)) was used for the diagonalization of the Lagrangian. This
intuitive connection is developed in this work into a general canonical quantization formulation.
The neutron and antineutron ”states” are no more definite states in the physical Fock space
of the system, however they can be defined as a superposition of (physical) mass eigenstates,
by extension of the would-be neutron/antineutron states in the absence of the baryon-violating
interaction. The collective excitations of quasiparticles, specific to BCS theory and NJL model,
appear also in the baryon-number violating ground state of neutron oscillations. The conden-
sate structure of vacuum for neutron and neutrino oscillations was first analyzed and explored
in [11].
For compactness of terminology, we shall call bare neutrons the would-be neutrons in the
absence of the baryon-number violating interaction. This is in analogy with the term bare
electron, naming an electron without interaction with the lattice, in the BCS theory. In this
language, the ground state of the baryon-number violating Hamiltonian is a condensate of pairs
of bare neutrons and antineutrons, with opposite momenta and spins – the analogues of Cooper
pairs in the theory of superconductivity.
The approach described in this work can be applied as the quantum field theory of the free
oscillations of any type of particles. Any oscillation phenomenon is a result of the fact that the
fields that interact and appear in the relativistic construction of the Lagrangian are not fields
with definite mass, but mixings thereof. On the other hand, the massive states are not observed
individually, but only in time-dependent superpositions, representing the oscillating ”particles”.
The mixing is caused by some additional interactions (baryon-number violating interaction in
the case of neutrons, lepton number violating in the case of neutrinos, strangeness violating
weak interaction in the case of K0 mesons etc.), which are not taken into account when the
oscillating particles are produced. The vacuum condensate is then the reservoir of fermionic
number, strangeness, etc., as well as of the extra chirality, which gives their definite masses but
indefinite quantum numbers to the quasiparticles associated with the mass eigenfields. The
difference in the masses of the quasiparticles produces the oscillation, which is essentially the
oscillation of a quantum number, realized through the exchange with the vacuum condensate.
We may say that the quasiparticles as mass eigenstates create the observable kinematical effects,
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while the oscillating particles are subject to the dynamical effects included in the Lagrangian.
The interaction prevents the mass discrimination and the lack of a ”mass analyser” leads to
what is perceived as particle oscillations.
The neutrino oscillations are the prototypical oscillation phenomena that have been studied
extensively over a long time (for a review and a historical account, see Ref. [24]). The quantum
field theoretical framework has been developed and the prevailing picture consists in viewing the
neutrino oscillations as a single process encompasing production, propagation and detection,
with the neutrino in the intermediate (virtual) state. This approach was pioneered in Ref.
[25] (see also the reviews [26] and references therein for an updated status). In spite of the
concentrated effort and several ingenious theoretical solutions, there are paradoxical features
[27] and questions on whose answer there is still no consensus, such as: how are the flavour
neutrino states supposed to be defined? are the flavour states momentum eigenstates? is
it necessary that the massive neutrinos which mix have equal energies? are the flavour states
physical and in which sense? These are fundamental issues arising about any oscillation process.
The quantization method described in this work provides a natural and unequivocal answer
to a crucial question: if we know that a certain field is expressed as a definite mixing of other
fields, how do we define the states corresponding to the former field in terms of the states of the
latter fields? The answer will be given in Sect. 4, and it will turn out to have been impossible
to guess without invoking the power of the present quantization procedure.
2 Lagrangian description of neutron-antineutron oscilla-
tions
The free neutron-antineutron oscillations are analyzed by the quadratic effective Hermitian
Lagrangian with general ∆B = 2 terms added:
L = Ψ(x)iγµ∂µΨ(x)−mΨ(x)Ψ(x)
− 1
2
ǫ1[Ψ
T (x)CΨ(x) + Ψ(x)CΨ
T
(x)]
− i
2
ǫ5[e
−iαΨT (x)Cγ5Ψ(x) + e
iαΨ(x)Cγ5Ψ
T
(x)], (2.1)
where m, ǫ1, ǫ5 and α are real parameters, Ψ(x) is the neutron field and C is the charge-
conjugation matrix. The Standard Model Lagrangian is invariant under the global U(1) bary-
onic number transformations, under which the neutron field transforms as Ψ(x) → eiβΨ(x).
Clearly, under such a transformation the terms proportional to ǫ1 and ǫ5 in the Lagrangian
(2.1) are noninvariant. They are the only Lorentz-invariant baryon-number violating terms
that can be written and they are Majorana mass terms of scalar and pseudoscalar type. A
pseudoscalar mass term im′Ψ(x)γ5Ψ(x) can in principle be added as well, but we shall omit
it, as its role in this ∆B = 2 Lagrangian is supplanted by the ǫ5 term. The baryon-number
violating terms are quadratic, but it is assumed that they are the effective expression of an
interaction whose details are unknown. For this reason, when referring to those terms we may
use the term baryon-number violating interaction.
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We shall adopt a charge conjugation invariant version of the Lagrangian (2.1). With the
traditional convention for defining the charge conjugated spinor as
CΨ(x)C−1 = Ψc(x) = CΨ¯T (x), (2.2)
the Lagrangian (2.1) is invariant under charge conjugation only when α = 0, therefore we fix
the phase in this way. Irrespective of the phase α, the Lagrangian (2.1) is parity violating. This
can be easily seen if we adopt the convention
PΨ(x, t)P−1 = γ0Ψ(−x, t). (2.3)
There is no phase convention for the definition of parity that can render the Lagrangian invari-
ant. Thus, the Lagrangian
L = Ψ(x)iγµ∂µΨ(x)−mΨ(x)Ψ(x)
− 1
2
ǫ1[Ψ
T (x)CΨ(x) + Ψ(x)CΨ
T
(x)]
− i
2
ǫ5[Ψ
T (x)Cγ5Ψ(x) + Ψ(x)Cγ5Ψ
T
(x)] (2.4)
is C-invariant and P- and CP-violating. The P- and CP-violation are in line with the expected
electric dipole moment for the neutron and cannot be eliminated from the Lagrangian by any
field redefinition1. The effect is due to the interplay of the ”vector coupling” in the ǫ1 term and
the ”axial vector coupling” in the ǫ5 term. Incidentally, if in the Lagrangian (2.1) one takes
either ǫ1 = 0 or ǫ5 = 0, the remaining Lagrangian can always be shown to be both P- and
C-invariant, by a redefinition of the phase of the corresponding operations.
The diagonalization of the Lagrangian (2.1) and the analysis of neutron-antineutron oscil-
lations were performed in detail in Ref. [22]. The P- and CP-violation of the Lagrangian were
shown not to have observable effects in the free n − n¯ transition probability (for recent dis-
cussions of the discrete symmetries, especially CP, in neutron-antineutron oscillations, see [22]-
[31]). The Lagrangian analysis in [22] involved the introduction of a relativistic analogue of
the Bogoliubov transformation, which mixes the fields Ψ(x) and Ψc(x), and diagonalizes the ǫ5
term: (
Ψ(x)
Ψc(x)
)
=
(
cosΘN(x)− iγ5 sinΘN c(x)
cosΘN c(x)− iγ5 sin ΘN(x)
)
, (2.5)
where the fields N,N c are of Dirac type and sin 2Θ = ǫ4/
√
m2 + ǫ25. The role of this transfor-
mation is crucial in the exact Lagrangian analysis of neutron oscillation. Also, in the context
of the seesaw mechanism, which is described by the Lagrangian (2.1) with α = π/2, a similar
(but C-noninvariant) relativistic Bogoliubov transformation proves essential in absorbing the
C-violation and rendering the Majorana neutrino a proper eigenfield of the charge conjugation
1It was shown in [22] that the partial diagonalization of the Lagrangian (2.4), which removes the baryon-
number violating ǫ5 term, leads to a term of the type im
′Ψ(x)γ5Ψ(x), which may reflect the effect of the QCD
θ-vacuum.
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operator on a new vacuum [23,32]. We shall return to the details of the relativistic Bogoliubov
transformation in Sect. 5, when comparing the results of the Lagrangian and Hamiltonian
formulations in the calculation of the anomalous (baryon-number violating) propagators.
Here, we collect only a few necessary formulas pertaining to the Lagrangian formalism,
which will be needed later on. The equations of motion derived from the Lagrangian (2.4) are:
(iγµ∂µ −m)Ψ(x)− (ǫ1 + iǫ5γ5)Ψc(x) = 0,
(iγµ∂µ −m)Ψc(x)− (ǫ1 + iǫ5γ5)Ψ(x) = 0, (2.6)
with Ψc = CΨ
T
. We rewrite them as
(iγµ∂µ − (m+ ǫ1)− iǫ5γ5)Ψ+(x) = 0,
(iγµ∂µ − (m− ǫ1) + iǫ5γ5)Ψ−(x) = 0, (2.7)
in terms of the Majorana fields
Ψ±(x) =
1√
2
(
Ψ(x)±Ψc(x)), (2.8)
which satisfy Dirac equations with different masses and thus diagonalize the Lagrangian (2.4).
The mass eigenvalues are easily obtained by setting Ψ±(x) = eipxΨ±(p):
( 6p− (m+ ǫ1)− iǫ5γ5)Ψ+(p) = 0,
( 6p− (m− ǫ1) + iǫ5γ5)Ψ−(p) = 0. (2.9)
For Ψ+(p) we note that
6p− (m+ ǫ1)− iǫ5γ5 = 0,
which is rewritten as
6p− iǫ5γ5 = m+ ǫ1.
From here we find, for Ψ+(p),
p2 = M2+ = (m+ ǫ1)
2 + ǫ25, (2.10)
while for Ψ−(p) we obtain
p2 = M2− = (m− ǫ1)2 + ǫ25. (2.11)
Upon diagonalization, the Lagrangian (2.4) becomes
L = 1
2
[
Ψ+(x)iγ
µ∂µΨ+(x)−M+Ψ+(x)Ψ+(x)
]
+
1
2
[
Ψ−(x)iγ
µ∂µΨ−(x)−M−Ψ−(x)Ψ−(x)
]
. (2.12)
Thus, the Lagrangian description leads to the expression of the neutron field Ψ(x) as mixing
of the free massive Majorana fields Ψ±(x):
Ψ(x) =
1√
2
(
Ψ+(x) + Ψ−(x)
)
. (2.13)
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The rest of this paper will be concerned with finding the superposition of states of Ψ± which
represent the states corresponding to the field Ψ. For this purpose, we shall have to pass to
the Hamiltonian description of the model.
In anticipation, let us still recall that a proper Dirac field ψ(x) of mass m can always be
written as the sum of two Majorana fields with the same mass m, which are constructed as
ψ±(x) = 1√2(ψ(x) ± ψc(x)). The neutron field Ψ(x), however, is the mixture of two mass-
nondegenerate Majorana fields, therefore not a Dirac field. The meaning of the neutron and
antineutron as ”particle states” associated with the field Ψ(x) becomes more subtle.
3 Hamiltonian description and vacuum structure
The direct way to canonically quantize the model described by the Lagrangian (2.4) is by
solving the equations of motion (2.9), for the Majorana fields with definite masses, and ap-
plying equal-time canonical anticommutators, which would lead to the algebra of the creation
and annihilation operators. The system is exactly solvable. However, such a straightforward
method would obscure the baryon-number violation, as well as the associated dynamical mass
generation. For this reason, we shall adopt a different method of canonical quantization, which
has the benefit of uncovering a more telling intuitive picture of the oscillation phenomenon.
3.1 Canonical quantization and Bogoliubov quasiparticles
The method which we are going to use is analogous to the one developed by Bogoliubov for
the treatment of the BCS model [2] (for a pedagogical presentation, see, e.g., Ref. [33]) and
by Nambu and Jona-Lasinio in their BCS-inspired theory of dynamical generation of nucleon
masses [3] (see also [34]). In current parlance, it is based on the unitarily inequivalent repre-
sentations of canonical (anti)commutators. An ample exposition thereof can be found in the
monograph [35]. Unitarily inequivalent representations can exist only in systems with infinite
number of degrees of freedom, in other words in quantum field theory. In constrast, in quantum
mechanics, the Stone–von Neumann theorem ensures that all representations of the canonical
commutators are unitarily equivalent. The existence of unitarily inequivalent representations in
quantum field theory is an essential ingredient of Haag’s theorem [36]. Here, we shall summarize
the main aspects needed for the application to the neutron-antineutron oscillation model.
In the Heisenberg picture, the evolution of a fermionic system is expressed by the time-
dependent Heisenberg fields, satisfying the equation of motion
i∂tΨ(x) = [Ψ(x), H ], (3.1)
where H is the Hamiltonian of the system and the fields Ψ(x) satisfy equal-time anticommuta-
tion relations. The Heisenberg fields act on the Fock space of physical states, i.e. those states
that correspond to observable free particles. They are obtained by the application of creation
operators to the physical vacuum of the model. Consequently, the Fock space has to satisfy the
requirement that the Heisenberg fields are expressed in terms of creation and annihilation op-
erators of the physical free particles. (It is perhaps more familiar to think that the Heisenberg
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fields are expressed by a Dyson expansion in terms of incoming or outgoing physical fields).
When this condition is fulfilled, the total Hamiltonian of the system takes the form of a free
Hamiltonian. This is one of the essential features of the Heisenberg picture and will provide
us the basis for solving the baryon-number violating model defined by the Lagrangian (2.4).
The method described below is called the self-consistent method, in the sense that it relies
on the self-consistency between the Hamiltonian and the choice of the Fock space of physical
particles [35].
In practice, we obtain first the classical Hamiltonian of the system starting from the La-
grangian. Then we choose a candidate for the physical field (i.e. a field which satisfies a certain
free field equation of motion) and quantize it canonically. We go to the Schro¨dinger picture
and express the Hamiltonian in terms of the creation and annihilation operators of the can-
didate field. It is clear that there are infinitely many free fields to choose from, each defined
by a different mass. Typically, one makes a meaningful selection by considering the solution
of the free part H0 of the total Hamiltonian H (see, for example, Ref. [37]). If the Hamilto-
nian is not diagonal, then the candidate field is not the physical field. What we need to do is
to diagonalize the Hamiltonian. Upon diagonalization, the Hamiltonian will be expressed in
terms of the creation and annihilation operators of the true physical fields, acting on the true
ground state of the model. The physical Fock space can be constructed and the problem is
solved (the return to the Heisenberg picture being then straightforward). The diagonalization
is achieved by establishing certain relations between the creation and annihilation operators
of the candidate field and those of the true physical field. These turn out to be Bogoliubov
transformations, preserving the canonicity of the algebra. The quanta of the physical fields
will therefore be Bogoliubov quasiparticles. The two sets of canonical operators are related by
a transformation which seemingly is unitary. However, it turns out that they act as creation
and annihilation operators in two orthogonal Fock spaces, constructed on orthogonal vacua,
therefore the transformation is not unitarily implementable [35]. For this reason, the two Fock
spaces are said to be unitarily inequivalent representations of the canonical algebra.
Although there are in principle an infinity of unitarily inequivalent representations, it should
be stressed once more that only one representation is physical, and that is the one in which the
Hamiltonian is diagonal. The corresponding vacuum is the one and only vacuum of the theory
(except the case when there is spontaneous breaking of symmetry).
All the assertions in the above summary will be substantiated below on the concrete model
defined by the Lagrangian (2.4). We shall also draw some parallels with the BCS theory or the
NJL model whenever these parallels may prove illuminating.
Hamiltonian
We start by writing the Hamiltonian corresponding to the baryon-number violating Lagrangian
(2.4):
H =
∫
d3x
(−Ψ(x)iγk∂kΨ(x) +mΨ(x)Ψ(x))
+
∫
d3x
ǫ1
2
(
ΨT (x)CΨ(x) + Ψ(x)CΨ
T
(x)
)
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+∫
d3x i
ǫ5
2
(
ΨT (x)Cγ5Ψ(x)x+ Ψ(x)Cγ5Ψ
T
(x)
)
,
= H0 +H 6B, (3.2)
where H0 stands for the Dirac Hamiltonian of a field with thes mass m, while H 6B represents
the baryon-number violating part.
Choice of a candidate physical field
The next step is to pick up a candidate ψ(x) for the roˆle of physical field. The meaningful choice
out of the arbitrary possibilities is to take ψ(x) as the would-be neutron field in the absence of
the baryon-number violating interaction. This is the solution of the free Dirac equation with
mass m,
(iγµ∂µ −m)ψ(x) = 0, (3.3)
in other words, the eigenfield of the free Dirac Hamiltonian H0 in (3.2). Hence, we proceed by
going to the Schro¨dinger picture, at t = 0, and making the identification [2, 34, 37]
Ψ(x, 0) = ψ(x, 0), (3.4)
in the Hamiltonian (3.2). In this way, we can naturally assign baryonic quantum numbers to
the quanta of the field ψ(x), which will be called bare neutrons and antineutrons. Moreover, in
the limit ǫ1, ǫ5 → 0, the states associated with the field Ψ(x) coincide with the states associated
with ψ(x). Consequently, we shall have a handle to define what is meant by neutron and
antineutron when baryonic number is violated.
We expand the Hamiltonian (3.2) in terms of the modes of the bare neutron field,
ψ(x, 0) =
∫
d3p
(2π)3/2
√
2ωp
∑
λ
(
aλ(p)uλ(p)e
ip·x + b†λ(p)vλ(p)e
−ip·x
)
, (3.5)
which is written in helicity basis (see Appendix A), with ωp =
√
p2 +m2. The charge conju-
gated spinor ψc = Cψ¯T , with the conventions from Appendix A, is
ψc(x, 0) =
∫
d3p
(2π)3/2
√
2ωp
∑
λ
sgnλ
(
bλ(p)uλ(p)e
ip·x + a†λ(p)vλ(p)e
−ip·x
)
. (3.6)
The operators a, a†, b, b† are creation and annihilation operators on a vacuum |0〉, which we
may call particle vacuum,
aλ(p)|0〉 = bλ(p)|0〉 = 0 (3.7)
and satisfy ordinary anticommutation relations:
{aλ(p), a†λ′(k)} = δλλ′δ(p− k), (3.8)
{bλ(p), b†λ′(k)} = δλλ′δ(p− k),
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all the other anticommutators being zero. The states
a†λ(p)|0〉 and b†λ(p)|0〉 (3.9)
represent bare neutron and antineutron states, respectively, of mass m and definite momentum
and helicity. We assign baryonic number +1 to the bare neutron states and −1 to the bare
antineutron states. In analogy with the theory of neutrino oscillations, we may think about the
Fock space of states built on the vacuum |0〉 as a space of flavour states.
Mode expansion of the Hamiltonian
Using (3.5) and (3.6) in (3.2), we find, with the help of the relations (A.14):
H0 =
∫
d3p
∑
λ
ωp
(
a†λ(p)aλ(p) + b
†
λ(p)bλ(p)
)
(3.10)
and
H 6B =
∫
d3p
∑
λ
[
ǫ1
m
ωp
sgnλ
(
a†λ(p)bλ(p) + b
†
λ(p)aλ(p)
)
(3.11)
− iǫ1 p
2ωp
(
aλ(p)aλ(−p) + a†λ(p)a†λ(−p) + bλ(p)bλ(−p) + b†λ(p)b†λ(−p)
)
+ sgn λ
ǫ5
2
(
aλ(p)aλ(−p)− a†λ(p)a†λ(−p) + bλ(p)bλ(−p)− b†λ(p)b†λ(−p)
) ]
.
The baryon-number violating part of the Hamiltonian is, as expected, non-diagonal. The terms
containing a†λ(p)bλ(p) + b
†
λ(p)aλ(p) indicate the neutron-antineutron transition. The rest of
the non-diagonal terms suggest the pairing of neutrons and antineutrons, in the manner of the
Cooper pairs in the BCS theory 2. We omit the vacuum energy and present throughout the
Hamiltonian in normal form.
We may proceed from here to the diagonalization, but it is technically advantageous to take
into account the hint provided by the equations of motion (2.7), namely that the fields which
diagonalize the Lagrangian are Majorana fields. Therefore, we shall re-express the Hamilto-
nian (3.2) in terms of the creation and annihilation operators associated with the degenerate
Majorana fields of mass m into which the Dirac field ψ(x) can be split.
We note that the convention adopted for the charge conjugation transformation leads to
the following action on the creation and annihilation operators:
Caλ(p)C−1 = sgnλ bλ(p), Cbλ(p)C−1 = sgnλ aλ(p). (3.12)
As a result, we obtain the creation and annihilation operators of the Majorana fields ψ±(x)
defined by
ψ±(x) =
1√
2
(
ψ(x)± ψc(x)), (3.13)
2In the BCS theory, the Hamiltonian is written in terms of the creation and annihilation operators of the
bare electrons, the interaction with the lattice providing the nondiagonal terms.
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identified by the subscript M , in the form:
aMλ(p) =
1√
2
(aλ(p) + sgnλ bλ(p)) ,
bMλ(p) =
1√
2
(aλ(p)− sgnλ bλ(p)) . (3.14)
The inverse of the above transformation reads:
aλ(p) =
1√
2
(aMλ(p) + bMλ(p)) ,
sgnλ bλ(p) =
1√
2
(aMλ(p)− bMλ(p)) . (3.15)
At t = 0, the Majorana fields ψ±(x, 0) are expressed as:
ψ+(x, 0) =
∫
d3p
(2π)3/2
√
2ωp
∑
λ
(
aMλ(p)uλ(p)e
ip·x + sgnλ a†Mλ(p)vλ(p)e
−ip·x
)
,
ψ−(x, 0) =
∫
d3p
(2π)3/2
√
2ωp
∑
λ
(
bMλ(p)uλ(p)e
ip·x − sgnλ b†Mλ(p)vλ(p)e−ip·x
)
. (3.16)
Using the formulas (3.15) we recast the Hamiltonian (3.2) in terms of the Majorana opera-
tors:
H =
∫
d3p
∑
λ
[(
ωp + ǫ1
m
ωp
)
a†Mλ(p)aMλ(p) +
(
ωp − ǫ1m
ωp
)
b†Mλ(p)bMλ(p)
+
(
ǫ5
2
sgnλ− iǫ1 p
2ωp
)(
aMλ(p)aMλ(−p) + bMλ(p)bMλ(−p)
)
−
(
ǫ5
2
sgnλ+ iǫ1
p
2ωp
)(
a†Mλ(p)a
†
Mλ(−p) + b†Mλ(p)b†Mλ(−p)
) ]
. (3.17)
In this form, the aM and bM -type operators are disentangled and we can diagonalize each set
separately. Incidentally, in the BCS language the expression
δp =
ǫ5
2
sgnλ+ iǫ1
p
2Ωp
(3.18)
is the analogue of the gap function [33].
Diagonalization of the Hamiltonian and Bogoliubov transformations
We diagonalize the Hamiltonian as
H =
∫
d3p
∑
λ
[
Ω+pA
†
λ(p)Aλ(p) + Ω
−
pB
†
λ(p)Bλ(p)
]
, (3.19)
by adopting the following Bogoliubov transformations, suggested by the form of the Hamilto-
nian (3.17):
Aλ(p) = α
+
p aMλ(p) + iβ
+
p e
iδp a†Mλ(−p),
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Bλ(p) = α
−
p bMλ(p) + iβ
−
p e
iδp b†Mλ(−p), (3.20)
where α±p , β
±
p are complex coefficients and δp are real. They all depend in principle on the
helicity, but we omit the helicity index. The quantities Ω+p and Ω
−
p are real, having the meaning
of energies to be determined. In order for the new operators to satisfy the canonical anticom-
mutation relations
{Aλ(p), A†λ′(k)} = δλλ′δ(p− k),
{Bλ(p), B†λ′(k)} = δλλ′δ(p− k), (3.21)
with all the other anticommutators being zero, the coefficients in (3.20) have to satisfy the
conditions
|α+p |2 + |β+p |2 = 1,
|α−p |2 + |β−p |2 = 1. (3.22)
In other words, the conditions (3.22) insure that the transformations (3.20) are canonical.
Typically, conditions (3.22) suggest that the Bogoliubov transformations are rotations in the
space of creation and annihilation operators, for which a customary notation [35, 37] is
α+p = cosϕ
+
p , β
+
p = − sinϕ+p ,
α−p = cosϕ
−
p , β
−
p = − sinϕ−p . (3.23)
We shall diagonalize the part of the Hamiltonian depending on aM , a
†
M . Introducing the
Ansatz (3.20) into (3.19), we find∫
d3p
∑
λ
Ω+pA
†
λ(p)Aλ(p) =
∫
d3p
∑
λ
Ω+p
[
|α+p |2 a†Mλ(p)aMλ(p) + |β+p |2aMλ(−p)a†Mλ(−p)
−i(α+p )∗β+p eiδp a†Mλ(p)a†Mλ(−p)− iα+p (β+p )∗ e−iδpaMλ(p)aMλ(−p)
]
. (3.24)
Identifying the coefficients with those in (3.17), we arrive at the following equations:
|α+p |2 − |β+p |2 =
ω2p +mǫ1
Ω+p ωp
,
Ω+p (α
+
p )
∗β+p (cos δp + i sin δp) = −ǫ1
p
2ωp
+ i
ǫ5
2
sgnλ,
Ω+p α
+
p (β
+
p )
∗(cos δp − i sin δp) = −ǫ1 p
2ωp
− iǫ5
2
sgnλ. (3.25)
From the last two relations in (3.25) we infer that α+p and β
+
p can be taken to be real, leading
to
α+p β
+
p cos δp = −ǫ1
p
2ωpΩ+p
,
α+p β
+
p sin δp =
ǫ5
2Ω+p
sgn λ.
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Thus, we obtain
tan δp = −sgn λǫ5ωp
ǫ1p
, (3.26)
from where
sin δp =
tan δp√
1 + tan2 δp
= −sgn λ ǫ5√
ǫ25 + ǫ
2
1
p2
ω2p
,
cos δp =
1√
1 + tan2 δp
= ǫ1
p
ωp
1√
ǫ25 + ǫ
2
1
p2
ω2p
. (3.27)
With these results we return to (3.25) and find
α+p = −
1
2Ω+p β
+
p
√
ǫ25 + ǫ
2
1
p2
ω2p
, (3.28)
which we insert into the first equation of (3.25):
1
4(Ω+p )
2(β+p )
2
(
ǫ25 + ǫ
2
1
p2
ω2p
)
− (β+p )2 =
ω2p +mǫ1
Ω+p ωp
. (3.29)
Eqs. (3.28) and (3.29), together with the requirement of canonicity (3.22), are satisfied by the
real expressions
α+p =
√
Ω+p + ωp
2Ω+p
+
mǫ1
2ωpΩ+p
,
β+p = −
√
Ω+p − ωp
2Ω+p
− mǫ1
2ωpΩ+p
, (3.30)
where
Ω+p =
√
p2 +M2+, with M
2
+ = (m+ ǫ1)
2 + ǫ25. (3.31)
Inspecting the Hamiltonian (3.17), we notice that the part depending on bM , b
†
M is identical
to the part depending on aM , a
†
M , up to the substitution ǫ1 → −ǫ1. As a result, we infer
immediately the form of the corresponding coefficients:
α−p =
√
Ω−p + ωp
2Ω−p
− mǫ1
2ωpΩ−p
,
β−p = −
√
Ω−p − ωp
2Ω−p
+
mǫ1
2ωpΩ−p
, (3.32)
where
Ω−p =
√
p2 +M2−, with M
2
− = (m− ǫ1)2 + ǫ25. (3.33)
12
The physical vacuum and the Fock space of the quasiparticles
The set of operators which diagonalize the Hamiltonian act on a new vacuum |Φ0〉, which
satisfies
Aλ(p)|Φ0〉 = Bλ(p)|Φ0〉 = 0, (3.34)
and represents the physical vacuum of the model. The physical particle states are Bogoliubov
quasiparticles, of Majorana type, with the definite masses M2± = (m± ǫ1)2 + ǫ25.
The relation between |Φ0〉 and the bare particles’ vacuum |0〉 is derived by assuming that the
vacuum of quasiparticles is written as an arbitrary superposition of pairs of Majorana particles
associated with the fields ψ±(x):
|Φ0〉 = N Πp,λ eR+p a
†
Mλ(p)a
†
Mλ(−p)eR
−
p b
†
Mλ(p)b
†
Mλ(−p)|0〉, (3.35)
whereN is a normalization constant. Using (3.34) and (3.20), one finds thatR±p = −iβ±p eiδp/α±p .
Pauli’s principle implies that
(a†Mλ(p)a
†
Mλ(−p))n = (b†Mλ(p)b†Mλ(−p))n = 0, for n > 1,
therefore
|Φ0〉 = N Πp,λ
(
1 +R+p a
†
Mλ(p)a
†
Mλ(−p)
)(
1 +R−p b
†
Mλ(p)b
†
Mλ(−p)
)
|0〉. (3.36)
Recalling (3.22), we note that
〈0|
(
α+p + iβ
+
p e
−iδp aMλ(p)aMλ(−p)
)(
α+p − iβ+p eiδp a†Mλ(p)a†Mλ(−p)
)
|0〉
= 〈0|
(
|α+p |2 + |β+p |2 aMλ(p)aMλ(p)†aMλ(−p)a†Mλ(−p)
)
|0〉
= 〈0|
(
|α+p |2 + |β+p |2 (1 + a†Mλ(p)aMλ(p))(1 + a†Mλ(−p)aMλ(−p))
)
|0〉
= 〈0|
(
|α+p |2 + |β+p |2
)
|0〉 = 1,
leading to the normalized quasiparticle vacuum in the form:
|Φ0〉 = Πp,λ
(
α+p − iβ+p eiδp a†Mλ(p)a†Mλ(−p)
)(
α−p − iβ−p eiδp b†Mλ(p)b†Mλ(−p)
)
|0〉. (3.37)
Just as in the BCS theory, the phase of the ”Cooper pairs” of bare Majorana particles is given
by the phase of the gap function (3.18). This phase, in the present case, is fixed by the choice
of the parameters m, ǫ1, ǫ5 in the Lagrangian (2.4) and for each pair depends on the momentum
of its constituents. The physical vacuum is therefore unique 3.
The bare Majorana particles composing the pairs have opposite momenta and spins, con-
sistent with the Poincare´ invariance which implies energy-momentum and angular momentum
conservation.
3In constrast, in the BCS theory or NJL model, the phase of the gap function is arbitrary due to the U(1)
symmetry of the Lagrangian, and its variation leads to an infinity of degenerate vacua, what is the essence of
spontaneous breaking of symmetry.
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The Fock space built on the vacuum |Φ0〉 consists of Majorana particle states with two
different masses, M+ and M− given by (3.31) and (3.33):
H A†λ(p)|Φ0〉 = Ω+pA†λ(p)|Φ0〉,
H B†λ(p)|Φ0〉 = Ω−pB†λ(p)|Φ0〉. (3.38)
These quasiparticles, with indefinite baryon number, are the only physical particles in the
model. Neutron and antineutron do not exist as particle states.
Vacuum condensate and baryon-number violation
Coleman’s theorem states that ”the invariance of the vacuum is the invariance of the world”
[38]. We therefore expect to see violation of baryonic number in the vacuum condensate. As
mentioned earlier, the bare neutron and antineutron states have definite baryonic numbers. On
the other hand, the baryonic number is undefined for the states of bare Majorana particles,
a†Mλ(p)|0〉 and b†Mλ(p)|0〉. We may attempt to rewrite the vacuum condensate as superposition
of pairs of bare neutrons and antineutrons, a†λ(p)a
†
λ(−p)|0〉 and b†λ(p)b†λ(−p)|0〉. To this end,
we insert (3.14) into the Bogoliubov transformations (3.20) and find:
Aλ(p) =
1√
2
(
α+p aλ(p) + iβ
+
p e
iδp a†λ(−p)
)
+
sgnλ√
2
(
α+p bλ(p) + iβ
+
p e
iδp b†λ(−p)
)
,
Bλ(p) =
1√
2
(
α−p aλ(p) + iβ
−
p e
iδp a†λ(−p)
)
− sgnλ√
2
(
α−p bλ(p) + iβ
−
p e
iδp b†λ(−p)
)
.(3.39)
The requirement on the physical vacuum (3.34) then implies:(
α+p aλ(p) + iβ
+
p e
iδp a†λ(−p)
)
|Φ0〉 = 0,(
α+p bλ(p) + iβ
+
p e
iδp b†λ(−p)
)
|Φ0〉 = 0,
(3.40)
simultaneously with (
α−p aλ(p) + iβ
−
p e
iδp a†λ(−p)
)
|Φ0〉 = 0,(
α−p bλ(p) + iβ
−
p e
iδp b†λ(−p)
)
|Φ0〉 = 0. (3.41)
As long as α+p 6= α−p and β+p 6= β−p , the relations (3.40) and (3.41) are in conflict. Consequently,
for the general case with arbitrary ǫ1 and ǫ5 parameters, we have to content ourselves with the
expression (3.37) for the vacuum condensate.
In the specific case when ǫ1 = 0, we notice that
M± =M =
√
m2 + ǫ25,
α±p = αp =
√
Ωp + ωp
2Ωp
,
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β±p = βp = −
√
Ωp − ωp
2Ωp
,
sin δp = −sgnλ, cos δp = 0. (3.42)
This is the only instance when the relations (3.40) and (3.41) are compatible and the physical
vacuum can be written as
|Φ0〉|ǫ1=0 = Πp,λ
(
αp − sgnλ βp a†λ(p)a†λ(−p)
)(
αp − sgnλ βp b†λ(p)b†λ(−p)
)
|0〉, (3.43)
with the pairs or bare neutrons and antineutrons carrying baryon number ±2, and thus explic-
itly exhibiting the baryon-number violation4.
Unitary inequivalence of representations
Let us calculate the inner product of the two vacua, using (3.37) and taking into account (3.7),
(3.30) and (3.32):
〈0|Φ0〉 = Πp,λ |α+p ||α−p | = Πp,λ
1
2
(
1 +
ωp
Ω+p
+
mǫ1
ωpΩ+p
)1/2(
1 +
ωp
Ω−p
− mǫ1
ωpΩ−p
)1/2
(3.44)
= exp
(∫
d3p
(2π)3
∑
λ
1
2
ln
[
1
2
(
1 +
ωp
Ω+p
+
mǫ1
ωpΩ+p
)][
1
2
(
1 +
ωp
Ω−p
− mǫ1
ωpΩ−p
)])
.
In the large momentum limit,
[
1
2
(
1 + ωp
Ω+p
+ mǫ1
ωpΩ
+
p
)] [
1
2
(
1 + ωp
Ω−p
− mǫ1
ωpΩ
−
p
)]
≈ 1 − ǫ21+ǫ25
2p2
, and the
exponential diverges as exp
[−(ǫ21 + ǫ25) ∫ dp], which leads to the orthogonality of the two vacua,
〈0|Φ0〉 = 0. (3.45)
The Fock spaces built on the bare vacuum |0〉 and on the quasiparticle vacuum |Φ0〉 are,
consequently, also orthogonal. (This can be easily confirmed by taking the inner product of two
arbitrary states belonging to the two spaces.) The latter is the physical one, while the former
is an auxiliary space, an artifact of the quantization method. Although the bare particle states
cannot be found among the physical states, this does not mean that the bare operators cannot
act on the physical vacuum. The operators a, a†, b, b† act on |Φ0〉 through their relations to the
quasiparticle operators, i.e. the inverse Bogoliubov transformations (3.49) together with (3.15),
always creating and annihilating particles with masses M± and never bare particles of mass m.
This feature will be used further in defining neutron and antineutron ”states” in Sect. 4.
4Incidentally, if ǫ1, ǫ5 ≪ m and we expand the coefficients of the general Bogoliubov transformation (3.20) to
second order in ǫ1 and ǫ5 (see (4.6) below), we find again α
+
p = α
−
p and β
+
p = β
−
p , and the vacuum condensate
can be recast in a form similar to (3.43). In Ref. [11], for example, the physical vacuum was derived in this
approximation, for ǫ5 = 0.
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3.2 Heisenberg fields
Having diagonalized the Hamiltonian (3.17) in the Schro¨dinger picture, we can now easily
move to the Heisenberg picture. We have obtained the solutions of the Hamiltonian (3.2) as
two non-degenerate Majorana fields. Their time evolution is given by
eiHtΨ±(x, 0)e
−iHt = Ψ±(x, t). (3.46)
The corresponding creation and annihilation operators evolve as
A(p, t) = eiHtA(p)e−iHt = A(p)e−iΩ
+
p t,
A†(p, t) = eiHtA†(p)e−iHt = A†(p)eiΩ
+
p t,
B(p, t) = eiHtB(p)e−iHt = B(p)e−iΩ
+
p t,
B†(p, t) = eiHtB†(p)e−iHt = B†(p)eiΩ
+
p t, (3.47)
where we used H in the form (3.19). Thus, the primary time-dependent Majorana fields will
read:
Ψ+(x, t) =
∫
d3p
(2π)3/2
√
2Ω+p
∑
λ
(
Aλ(p)Uλ(p)e
−i(Ω+p t−p·x) + sgnλA†λ(p)Vλ(p)e
i(Ω+p t−p·x)
)
,
Ψ−(x, t) =
∫
d3p
(2π)3/2
√
2Ω−p
∑
λ
(
Bλ(p)U˜λ(p)e
−i(Ω−p t−p·x) − sgnλB†λ(p)V˜λ(p)ei(Ω
−
p t−p·x)
)
,(3.48)
with the spinors Uλ(p), Vλ(p) and U˜λ(p), V˜λ(p) satisfying the equations of motion (2.7) in
momentum space.
Inverting the Bogoliubov transformations (3.20), namely
aMλ(p) = α
+
pAλ(p)− iβ+p eiδp A†λ(−p),
bMλ(p) = α
−
pBλ(p)− iβ−p eiδp B†λ(−p), (3.49)
we obtain the time evolution of the operators aMλ(p), bMλ(p):
aMλ(p, t) = α
+
pAλ(p)e
−iΩ+p t − iβ+p eiδp A†λ(−p)eiΩ
+
p t,
bMλ(p, t) = α
−
pBλ(p)e
−iΩ−p t − iβ−p eiδp B†λ(−p)eiΩ
−
p t. (3.50)
Using (3.15) and (3.50), we can express the time-dependent aλ(p, t), bλ(p, t) as well.
3.3 Diagonalization of Hamiltonian and primary Majorana fields
In the typical cases of mass shift of Dirac fermions by vacuum condensate encountered in the
NJL model [3], [34], the Bogoliubov transformations relating the creation and annihilation
operators of different masses can be obtained by two equivalent procedures. One of them is
what we have described above: having derived the Hamiltonian of the system, H = H0+Hint,
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the field ΨD(x) is replaced in the Hamiltonian, at t = 0 (Schro¨dinger picture), by the solution
ψD(x) of the equation of motion i∂tψD(x) = [ψD(x), H0] , i.e.
ΨD(x, 0) = ψD(x, 0), (3.51)
and the Hamiltonian is subsequently diagonalized by using Bogoliubov transformations. The
quasiparticle operators that diagonalize the total Hamiltonian will be the creation and annihila-
tion operators of the field ΨD(x), which satisfies the equation of motion i∂tΨD(x) = [ΨD(x), H ].
Typically, the bare field ψD(x) and the quasiparticle field ΨD(x) are free Dirac fields with dif-
ferent masses. In this way, one finds the solution ΨD(x) without solving directly its equation
of motion. This method is essentially a relativistic extension of Bogoliubov’s approach to the
theories of superfluidity and superconductivity [2].
The second procedure is the one used in the work of Nambu and Jona-Lasinio [3]: knowing
the HamiltonianH , one solves the equation of motion i∂tΨD(x) = [ΨD(x), H ], and subsequently
identifies its solution, at t = 0, with the solution of i∂tψD(x) = [ψD(x), H0]. In other words,
one imposes the ”boundary condition” (3.51) to the two known solutions. In this case, the
purpose is strictly to find the Bogoliubov transformations and the relation between the bare
particle vacuum and the quasiparticle vacuum. The results are the same as those obtained by
the Hamiltonian diagonalization method.
The mixing of fields in the baryon-number violating model that we have been analyzing
requires more care in the application of the procedures outlined above. We have seen that the
Hamiltonian diagonalization procedure succeeds when using the identification (3.4),
Ψ(x, 0) = ψ(x, 0).
Recall that the field ψ(x) is a Dirac field of mass m, while Ψ(x) is not a Dirac, nor a Majorana,
field. In effect, the field Ψ(x) does not satisfy a simple equation of motion, but an equation
in which it is mixed with its charge conjugate Ψc(x), eq. (2.6). A ”rotation” of the creation
and annihilation operators of ψ(x) does not take us to new creation and annihilation operators,
because there are no such operators for the field Ψ(x). This is an indication that the second
procedure outlined above cannot work with the boundary condition (3.4).
In hindsight, we realize that the actual identification of fields for which (3.4) was standing
was
Ψ±(x, 0) = ψ±(x, 0), (3.52)
where ψ±(x) satisfy
(iγµ∂µ −m)ψ±(x) = 0
and Ψ±(x) satisfy eqs. (2.7),
(iγµ∂µ − (m+ ǫ1)− iǫ5γ5)Ψ+(x) = 0,
(iγµ∂µ − (m− ǫ1) + iǫ5γ5)Ψ−(x) = 0.
We call the fields Ψ± primary Majorana fields, as they are the simplest combinations of the
neutron field Ψ and its charge conjugate Ψc, which satisfy uncoupled equations of motion. The
17
two non-degenerate primary Majorana fields can be related to the two mass-degenerate bare
Majorana fields by different ”rotations” of the creation and annihilation operators. In Appendix
B we shall prove that the Bogoliubov transformations (3.20), with the coefficients specified by
(3.30) and (3.32), can be found also by the second procedure outlined above, starting from the
boundary condition (3.52).
We emphasize specifically the roˆle of the primary Majorana fields, because in certain situ-
ations one can choose other combinations of Majorana fields that diagonalize the Lagrangian
as well. For example, when ǫ1 = 0, ǫ5 6= 0, the Lagrangian is diagonal in terms of Ψ±(x), but
also in terms of the Dirac-type fields N(x) which satisfy the Dirac equation (5.14) (see the dis-
cussion in Sect. 5.1) and are related to Ψ and Ψc by the relativistic Bogoliubov transfomation
(2.5). Due to the simplicity of the equation of motion for N(x), it may be tempting to use the
relativistic Bogoliubov transformation as the basis for the boundary condition at t = 0, namely
to make the identification(
ψ(x, 0)
ψc(x, 0)
)
=
(
Ψ(x, 0)
Ψc(x, 0)
)
=
(
cosΘN(x, 0)− iγ5 sinΘN c(x, 0)
cosΘN c(x, 0)− iγ5 sinΘN(x, 0)
)
. (3.53)
In this case, the resulting transformations between the operators of ψ(x) and those of N(x) are
essentially incompatible, in the sense that the two annihilation operators of N(x), say ANλ(p)
and BNλ(p), do not destroy the same vacuum condensate |ΦN0〉. This inconsistency does not
appear if one adheres to primary fields and formula (3.52).
The identification of primary fields is an essential step in treating any quantum systems
with mixings of fields, like the seesaw mechanism Lagrangian or various models of neutrino
mixing and oscillation.
4 Neutron states in physical Fock space and the n − n¯
transition probability
When we embed the quadratic Lagrangian (2.4) into the Standard Model, the field Ψ(x) plays
the role of neutron field and takes part in the neutron interactions already present there. At
the same time, we have to give up the picture of the neutron as a particle with definite mass
and flavour. It is then necessary to redefine the notion of neutron and antineutron, when there
are no creation and annihilation operators for them.
The only possibility for a consistent definition is to associate the neutron and antineutron
with the field Ψ(x), in other words, to define these ”states” by their dynamical relations with
the other particles with which they interact. The natural procedure is to use the Schro¨dinger
picture identification (3.4),
Ψ(x, 0) = ψ(x, 0),
together with the consistency requirement that, in the limit when the baryon-number violating
interaction vanishes (i.e. ǫ1, ǫ5 → 0), one recovers the bare, or flavour, neutron state defined on
the vacuum |0〉. In practice, we start by Fourier transforming the field ψ(x, 0):∫
d3x
(2π)3/2
eip·xψ¯(x, 0) =
1√
2ωp
∑
λ′
(
a†λ′(p)u¯λ′(p) + bλ′(−p)v¯λ(−p)
)
.
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Upon multiplication by γ0uλ(p) and use of the relations (A.13), we find
1√
2ωp
(∫
d3x
(2π)3/2
eip·xψ¯(x, 0)
)
γ0uλ(p) = a
†
λ(p). (4.1)
The operator in the left-hand side of (4.1), acting on the vacuum |0〉, produces the bare neutron
state a†λ(p)|0〉. We shall therefore adopt it as the definition of the ”neutron creation operator”
on the physical vacuum5, in which case it is preferable to also replace ψ(x, 0) by Ψ(x, 0):
|n(p, λ)〉 ≡ 1√
2ωp
(∫
d3x
(2π)3/2
eip·xΨ¯(x, 0)
)
γ0uλ(p)|Φ0〉 = a†λ(p)|Φ0〉
=
1√
2
(
α+pA
†
λ(p) + α
−
pB
†
λ(p)
)
|Φ0〉, (4.2)
with the coefficients given by (3.30)–(3.33). In writing the final expression of (4.2), we used
(3.15), (3.34) and the inverses of the Bogoliubov transformations (3.49). (Alternatively, we
would obtain the same expression by direct calculation, following the method used in Appendix
B.) Similar considerations for the antineutron state lead to the definition:
|n¯(p, λ)〉 ≡ sgnλ 1√
2ωp
(∫
d3x
(2π)3/2
eip·xΨc(x, 0)
)
γ0uλ(p)|Φ0〉 = b†λ(p)|Φ0〉
=
1√
2
sgnλ
(
α+pA
†
λ(p)− α−pB†λ(p)
)
|Φ0〉. (4.3)
We took advantage of the fact that, in spite of the a and b-type operators not being creation
and annihilation operators on the physical vacuum |Φ0〉, this does not prevent us from defining
their action on this vacuum, which is achieved through the inverse Bogoliubov transformations.
Thus, neutron and antineutron states are naturally defined on the physical Fock space.
The oscillation amplitude between neutron and antineutron is obtained by letting the neu-
tron state evolve and sampling the amount of antineutron in it at an arbitrary time t:
Ann¯ = 〈n¯(p, λ)|n(p, λ), t〉 ≡ 〈n¯(p, λ)|e−iHt|n(p, λ)〉. (4.4)
Using (4.2) and (4.3), as well as the Hamiltonian in the form (3.19) and its action on the
quasiparticle states (3.38), we obtain:
Ann¯ =
1
2
sgnλ
[
(α+p )
2e−iΩ
+
p t − (α−p )2e−iΩ
−
p t
]
, (4.5)
with the various coefficients and energies given by (3.30)–(3.33). This is the general expression,
valid for any values of the parameters m, ǫ1 and ǫ5 in the Lagrangian (2.4).
5In Ref. [11], the definition of the neutron state is (with our notations and conventions)√
ωp
2
1
m
(∫
d
3
x
(2pi)3/2
eip·xψ¯(x, 0)
)
uλ(p) = a
†
λ
(p) + i p
m
sgnλ bλ(−p). However, this expression does not give sen-
sible results when applied to multiparticle (antineutron) states in the limit when the baryon-number violating
interaction vanishes, therefore it cannot be a proper ”neutron creation operator” in any setup. Moreover, it is
not applicable to the case when bare particles are massless.
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To come to a more familiar expresion of the transition amplitude, we shall consider ǫ1, ǫ5 ≪
m and expand (4.5) to second order in ǫ1 and ǫ5. In this order,
Ω±p =
√
ω2p ± 2mǫ1 + ǫ21 + ǫ25 ≈ ωp
[
1± mǫ1
ω2p
+
1
2ω2p
(
1− 3m
2
ω2p
)
ǫ21 +
ǫ25
2ω2p
]
= ωp
[
1± mǫ1
ω2p
+∆(ǫ21, ǫ
2
5)
]
,
(α±p )
2 =
Ω±p + ωp
2Ω±p
± mǫ1
2ωpΩ±p
=
1
2
+
ωp
2Ω±p
(
1± mǫ1
ω2p
)
≈ 1− 1
4ω2p
(
p2
ω2p
ǫ21 + ǫ
2
5
)
. (4.6)
Returning with (4.6) into (4.5), we find the transition amplitude
Ann¯ = −i sgnλ e−iωp(1+∆(ǫ21,ǫ25))t
(
1− 1
4ω2p
(
p2
ω2p
ǫ21 + ǫ
2
5
))
sin
(
ǫ1m
ωp
t
)
, (4.7)
leading to the neutron-antineutron transition probability
Pnn¯ = sin
2
(
ǫ1m
ωp
t
)
. (4.8)
The probability formula (4.8) shows that the neutron-antineutron transition is practically
unaffected by the (CP-violation) parameter ǫ5. The result coincides with the usual free os-
cillation probability obtained in the framework of quantum mechanics in the same limit, i.e.
ǫ1, ǫ5 ≪ m.
When ǫ1 = 0 and ǫ5 6= 0, the free transition probability vanishes exactly, as can be easily
seen from (4.5), taking into account that in this case α+p = α
−
p and Ω
+
p = Ω
−
p (see (3.42)). This
is of course expected, because the two primary Majorana fields are in this case degenerate in
mass. However, as we shall see in the next section, the anomalous baryon-number violating
propagator will still be nonvanishing [22, 39].
5 Anomalous propagator
The purpose of this section is to show that the canonical quantization procedure outlined in
Sect. 3 and 4 is compatible with the results obtained in the Lagrangian/path integral approach.
This comparison will give more support to the definition which we adopted for the neutron and
antineutron states. Ordinarily, by the token of fermion number conservation, in perturbative
Standard Model, we expect the propagator Ψ±(x)
〈TΨc(x)Ψ¯(y)〉 = θ(x0 − y0)〈Ψc(x)Ψ¯(y)〉 − θ(y0 − x0)〈Ψ¯(y)Ψc(x)〉 (5.1)
to vanish. However, since baryon number conservation is now violated, the above propagator
is nonzero. The calculation of this propagator in the canonical framework described above
and by means of the manifestely relativistic Lagrangian formalism/path integral will show the
coincidence of the two approaches.
For our purpose, it is sufficient to calculate, in the Hamiltonian formulation, the transition
amplitude 〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 and compare it with the result of the path integral approach.
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Using (3.4), (3.5) and (3.6), we find:
〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 =
∫
d3p d3k
(2π)32(ωpωk)1/2
∑
λ,λ′
sgnλ
×〈Φ0|
[
a†λ(p, t)a
†
λ′(k)vλ(p)u¯λ′(k)e
−i(p·x+k·y) + bλ(p, t)bλ′(k)uλ(p)v¯λ′(k)e
i(p·x+k·y)
+a†λ(p, t)bλ′(k)vλ(p)v¯λ′(k)e
−i(p·x−k·y) + bλ(p, t)a
†
λ′(k)uλ(p)u¯λ′(k)e
i(p·x−k·y)
]
|Φ0〉. (5.2)
With the help of (3.15) and (3.50), we obtain the vacuum values involved in (5.2):
〈Φ0|a†λ(p, t)a†λ′(k)|Φ0〉 =
i
2
(
α+k β
+
p e
−iδpe−iΩ
+
p t + α−k β
−
p e
−iδpe−iΩ
−
p t
)
δλλ′δ(p+ k),
〈Φ0|bλ(p, t)bλ′(k)|Φ0〉 = − i
2
(
α+p β
+
k e
iδke−iΩ
+
p t + α−p β
−
k e
iδke−iΩ
−
p t
)
δλλ′δ(p+ k),
〈Φ0|a†λ(p, t)sgnλ bλ′(k)|Φ0〉 =
1
2
(
β+p β
+
k e
−i(δp−δk)e−iΩ
+
p t − β−p β−k e−i(δp−δk)e−iΩ
−
p t
)
δλλ′δ(p− k),
〈Φ0|sgnλ bλ(p, t)a†λ′(k)|Φ0〉 =
1
2
(
α+p α
+
k e
−iΩ+p t − α−p α−k e−iΩ
−
p t
)
δλλ′δ(p− k). (5.3)
Hence, we find the vacuum-to-vacuum transition amplitude which reads in general
〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 =
∫
d3p
(2π)32ωp
∑
λ
×
[
sgnλ
i
2
(
α+p β
+
p e
−iδpe−iΩ
+
p t + α−p β
−
p e
−iδpe−iΩ
−
p t
)
vλ(p)u¯λ(−p)e−ip·(x−y)
−sgnλ i
2
(
α+p β
+
p e
iδpe−iΩ
+
p t + α−p β
−
p e
iδpe−iΩ
−
p t
)
uλ(p)v¯λ(−p)eip·(x−y)
+
1
2
(
(β+p )
2e−iΩ
+
p t − (β−p )2e−iΩ
−
p t
)
vλ(p)v¯λ(p)e
−ip·(x−y)
+
1
2
(
(α+p )
2e−iΩ
+
p t − (α−p )2e−iΩ
−
p t
)
uλ(p)u¯λ(p)e
ip·(x−y)
]
, (5.4)
with the coefficients given by (3.27), (3.30) and (3.32).
5.1 Mass-degenerated Majorana quasiparticles (ǫ1 = 0, ǫ5 6= 0)
The comparison is more transparent if we consider specific cases. The most interesting and
illuminating is the case when ǫ1 = 0. Then, the Majorana quasiparticles are degenerate in
mass and the neutron-antineutron oscillation does not happen (see Sect. 4). However, as
discussed in [22] and [39], the anomalous propagator derived in the Lagrangian framework is
nonvanishing.
The Lagrangian in this case is:
L = Ψ(x)iγµ∂µΨ(x)−mΨ(x)Ψ(x)
− i
2
ǫ5[Ψ
T (x)Cγ5Ψ(x) + Ψ(x)Cγ5Ψ
T
(x)], (5.5)
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leading to the equations of motion:
(iγµ∂µ −m− iǫ5γ5) Ψ+(x) = 0,
(iγµ∂µ −m+ iǫ5γ5) Ψ−(x) = 0. (5.6)
We define
m± iǫ5γ5 = Me±2iΘγ5 (5.7)
with
M =
√
m2 + ǫ25. (5.8)
The equations of motion can be recast in the form
(iγµ∂µ −M) e±iΘγ5(Ψ(x)∓Ψc(x)) = 0 (5.9)
We thus identify the combinations of Majorana type
Ψ˜+ =
1√
2
eiΘγ5(Ψ(x)−Ψc(x)),
Ψ˜− =
1√
2
e−iΘγ5(Ψ(x) + Ψc(x)), (5.10)
which satisfy the standard Dirac equation
(iγµ∂µ −M) Ψ˜±(x) = 0. (5.11)
Thus we have the exact solutions of the field equations,
Ψ(x) =
1√
2
[e−iΘγ5Ψ˜+(x) + e
iΘγ5Ψ˜−(x)],
Ψc(x) =
1√
2
[e−iΘγ5Ψ˜+(x)− eiΘγ5Ψ˜−(x)]. (5.12)
The Majorana fields Ψ˜±(x) can be also mixed into a Dirac-type of field N(x), with a shifted
mass M =
√
m2 + ǫ2:
N(x) =
1√
2
(Ψ˜+(x) + Ψ˜−(x)),
N c(x) =
1√
2
(Ψ˜+(x)− Ψ˜−(x)), (5.13)
satisfying in its turn the simple Dirac equation
(iγµ∂µ −M)N(x) = 0. (5.14)
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We can than rewrite (5.12) as(
Ψ(x)
Ψc(x)
)
=
(
cosΘN(x)− iγ5 sinΘN c(x)
cosΘN c(x)− iγ5 sin ΘN(x)
)
. (5.15)
This transformation, mixing the relativistic neutron field and its charge conjugated, has
been named ”relativistic Bogoliubov transformation” [22,29]. It is easy to see that it preserves
the anticommutators, therefore it is canonical. In the form quoted above, it is covariant under
charge conjugation transformation. It has been used in [22] to analyse the neutron oscillations
in the Lagrangian description; a charge-conjugation violating version of it has been used in [23]
to provide a two-step solution to the seesaw mechanism.
Due to the simplicity of the equation of motion satisfied by the field N(x), the relativistic
Bogoliubov transformation (5.15) leads us immediately to the form of the anomalous propagator
for ǫ1 = 0:
〈T ∗Ψc(x)Ψ¯(y)〉 =
∫
d4p
(2π)4
ǫ5γ5
p2 −M2 + iǫe
−ip(x−y), (5.16)
for which we used
〈T ∗Ψ(x)Ψ¯(y)〉 = 〈T ∗Ψc(x)Ψ¯c(y)〉 =
∫
d4p
(2π)4
i
6p−M + iǫe
−ip(x−y). (5.17)
Recall that the propagator theory based on equation of motion, or the path integral quan-
tization, give the above covariant T ∗-product, while the canonical quantization leads to the
usual T -product (5.1), which specifies precisely the equal-time limit of the correlation. The two
products coincide if the T ∗-product vanishes in the limit p0 →∞, which is the case also in our
situations.
On the one hand, starting with the covariant propagator (5.16), we easily find
〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 = ǫ5γ5
∫
d3p
(2π)3
∮
Γ(Ωp)
dp0
2π
e−ip(x−y)
p20 − Ω2p
= iǫ5γ5
∫
d3p
(2π)32Ωp
e−iΩpt+ip·(x−y), (5.18)
where Γ(Ωp) is the contour in the complex p0-plane which includes the pole of the integrand at
Ωp and extends to −i∞ in the lower half-plane.
On the other hand, starting from the general formula (5.4) in the Hamiltonian approach,
we obtain
〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 = −
∫
d3p
(2π)32ωp
∑
λ
αpβp[vλ(−p)u¯λ(p) + uλ(p)v¯λ(−p)]e−iΩpt+ip·(x−y)
= iǫ5γ5
∫
d3p
(2π)32Ωp
e−iΩpt+ip·(x−y), (5.19)
where we specified the coefficients for the case ǫ1 = 0 as follows:
Ω±p = Ωp =
√
p2 +m2 + ǫ25,
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α±p = αp =
√
Ωp + ωp
2Ωp
,
β±p = βp = −
√
Ωp − ωp
2Ωp
,
sin δp = −sgnλ, cos δp = 0, (5.20)
and we also used (A.16)–(A.17).
The coincidence of the results (5.18) and (5.19) indicates the agreement of the Lagrangian
approach, with the use of the relativistic Bogoliubov transformation (5.15), and the Hamiltonian
formalism via Bogoliubov quasiparticles and vacuum condensate developed above. In this case,
the neutron-antineutron conversion takes place in virtual states and it is strictly an effect of
the vacuum condensate, which violates the baryon number conservation. Interestingly, the
relativistic Bogoliubov transformation does not have any roˆle in the Hamiltonian description.
5.2 Mass non-degenerate Majorana quasiparticles (ǫ1 6= 0, ǫ5 = 0)
For completeness, we include also the calculation of the anomalous propagator for the typical
neutron-antineutron oscillation setup, with ǫ5 = 0. In this case, the equations of motion for
the primary Majorana fields are simply
(iγµ∂µ −M+)Ψ+(x) = 0,
(iγµ∂µ −M−)Ψ−(x) = 0, (5.21)
with M± = m± ǫ1. The anomalous propagator of the neutron field is easily obtained with the
help of the relations (2.8) and the ordinary propagators
〈T ∗Ψ±(x)Ψ¯±(y)〉 =
∫
d4p
(2π)4
i
6p−M± + iǫe
−ip(x−y), (5.22)
as
〈T ∗Ψc(x)Ψ¯(y)〉 = 1
2
∫
d4p
(2π)4
(
1
6p−M+ + iǫ −
1
6p−M− + iǫ
)
e−ip(x−y). (5.23)
We note that
〈Φ0|Ψ±(x, t)Ψ¯±(y, 0)|Φ0〉 = i
∫
d3p
(2π)3
∮
Γ(Ω±p )
dp0
2π
e−ip(x−y)
6p+M±
p20 − (Ω±p )2
(5.24)
= −
∫
d3p
(2π)32Ω±p
e−iΩ
±
p t+ip·(x−y) (Ω±p γ0 − p · γ +M±) .
We shall consider the above amplitudes in the limit ǫ1 ≪ m and in the first order in ǫ1. In this
approximation,
1
2Ω±p
(
Ω±p γ0 − p · γ +M±
)
=
1
2ωp
[
(ωpγ0 − p · γ +m)± ǫ1
(
p2
ω2p
+
m
ω2p
p · γ
)]
.
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Then,
〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 =
∫
d3p
(2π)32ωp
e−iωpt+ip·(x−y)
[
i sin
(
ǫ1m
ωp
t
)
(ωpγ0 − p · γ +m)
−ǫ1 cos
(
ǫ1m
ωp
t
)(
p2
ω2p
+
m
ω2p
p · γ
)]
. (5.25)
We calculate now the same amplitude starting from the canonical quantization result (5.4),
up to the first order in ǫ1, in which case
(
α±p
)2 ≈ 1− ǫ21 p24ω4p ,
(
β±p
)2 ≈ ǫ21 p24ω4p , α±p β±p ≈ ǫ1
p
2ω2p
(5.26)
and
sin δp = 0, cos δp = 1. (5.27)
We obtain, using (A.18), (A.19):
〈Φ0|Ψc(x, t)Ψ¯(y, 0)|Φ0〉 = i
∫
d3p
(2π)32ωp
e−iωpt+ip·(x−y)
×
∑
λ
[
ǫ1
p
2ω2p
cos
(
ǫ1m
ωp
t
)
sgnλ (vλ(p)u¯λ(−p)− uλ(p)v¯λ(−p))
− sin
(
ǫ1m
ωp
t
)
uλ(p)u¯λ(p)
]
=
∫
d3p
(2π)32ωp
e−iωpt+ip·(x−y)
[
i sin
(
ǫ1m
ωp
t
)
(ωpγ0 − p · γ +m)
− ǫ1 cos
(
ǫ1m
ωp
t
)(
p2
ω2p
+
m
ω2p
p · γ
)]
. (5.28)
This coincides with the formula (5.25), and thus the two approaches prove again compatible.
6 Discussion and conclusions
The phenomena of particle oscillations are highly peculiar, in the sense that the particles which
are supposed to oscillate do not exist as well-defined states in the quantum field theory. It
is perhaps more accurate to speak about the oscillations of a flavour quantum number than
about the oscillations of particles. Actually, one of the recurring questions in the theory of
neutrino oscillations is how to define the flavour neutrino states, when the flavour fields are
given as known mixtures of massive fields. The answer can be found by using the canonical
quantization procedure described in this work. Specifically, in the baryon-number violating case
of the neutron-antineutron oscillations, the neutron field Ψ(x) is a mixing of massive Majorana
fields Ψ±(x) (which diagonalize the Lagrangian (2.4)) according to eq. (2.13):
Ψ(x) =
1√
2
(
Ψ+(x) + Ψ−(x)
)
.
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On the other hand, we have found that the neutron and antineutron states associated with
Ψ(x) are mixings of states associated with Ψ±(x) according to eqs. (4.2) and (4.3):
|n(p, λ)〉 = 1√
2
[(
Ω+p + ωp
2Ω+p
+
mǫ1
2ωpΩ+p
)
A†λ(p) +
(
Ω−p + ωp
2Ω−p
− mǫ1
2ωpΩ−p
)
B†λ(p)
]
|Φ0〉,
|n¯(p, λ)〉 = 1√
2
sgnλ
[(
Ω+p + ωp
2Ω+p
+
mǫ1
2ωpΩ+p
)
A†λ(p)−
(
Ω−p + ωp
2Ω−p
− mǫ1
2ωpΩ−p
)
B†λ(p)
]
|Φ0〉,
where |Φ0〉 is the physical vacuum of the model, A† and B† are the creation operators cor-
responding to the Majorana fields Ψ+ and Ψ−, respectively, and ωp =
√
p2 +m2, Ω±p =√
p2 + (m± ǫ1)2 + ǫ25. This mixing of states is not self-evident just by knowing the mixing
of fields, but it is unambiguous, once the appropriate quantization scheme is employed.
The present canonical quantization approach to the neutron-antineutron oscillations is based
on the theory of unitarily inequivalent representations inspired by the BCS theory of super-
conductivity [1, 2] and the Nambu–Jona-Lasinio model [3] (see also [34]). In this formulation,
the physical particles are Bogoliubov quasiparticles with definite masses. The neutron field is
a mixing of two mass-nondegenerate Majorana fields, consequently it cannot be a proper Dirac
field. Flavour (in this case, baryonic number) is introduced into the theory by the would-be
neutron fields in the absence of the baryon-number violating interaction. These fields provide
one of the two inequivalent representations of the creation and annihilation operators used in
the analysis, and it should be emphasized that it is a nonphysical representation.
The intuitive picture is the following: the physical free Majorana particles, or Bogoliubov
quasiparticles, are states in a Fock space, built on a vacuum which is a coherent superposition
of bosonic pairs of bare neutrons and antineutrons, with opposite momenta and spins. The
vacuum violates baryon number conservation, since the pairs carry baryonic number ±2. In
this Fock space, the neutron and antineutron are defined using only the physical vacuum and
the neutron field in the Lagrangian, which gives the dynamical relation of the neutron to the
other particles in the Standard Model. Neutron and antineutron ”states” are superpositions of
Bogoliubov quasiparticles, satisfying the consistency requirement that, in the limit of vanishing
baryon-number violating interactions, they are identical to the Standard Model neutron and
antineutron states. The oscillation takes place due to the mass splitting between the Majorana
particles, which is an effect of the vacuum condensate, that acts also as a reservoir of baryonic
number.
The analogy with the BCS theory is only partial. The BCS ground state is a state of matter –
the interaction couples the electrons in Cooper pairs and provides the energy gap which renders
the system superconducting. The physical particles are the same, i.e. electrons with a well-
defined mass, with or without the interaction. On the other hand, in relativistic models, the
only physical states are quasiparticle states. The bare (or flavour) particles simply do not exist,
either individually or in pairs. This can be seen easily by the fact that we could have chosen
initially a different unitarily inequivalent representation than the one corresponding to the
bare particles and the result of diagonalization would have been exactly the same. Hence, the
vacuum condensate is a technical device which mimics the effect of the interaction in breaking
the baryon-number symmetry and generating the mass splitting and/or the mass gap for the
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quasiparticles.
One of the lessons learned from this analysis is that the identification of the primary fields
is influenced by the conserved symmetries of the model. For instance, in the case of neutron-
antineutron oscillations considered here, the Lagrangian (2.4) is C-invariant, and the primary
fields are C-eigenfields. In the case of the seesaw mechanism for neutrinos, when charge conju-
gation is violated but the lepton number violation is still given by Majorana mass terms, the
C-violation has to be absorbed by the vacuum, in order for the physical fields to be eigenfields of
charge conjugation. This is achieved in the Lagrangian approach by the relativistic Bogoliubov
transformation [23, 32]. Recently, an alternative analysis of the vacuum condensate, based on
the relativistic Bogoliubov transformation, was performed in [40] for the C-violating model of
the seesaw mechanism for neutrinos (whose Lagrangian is (2.1), with α = π/2). It would be
interesting to apply the formulation of the present work also for the seesaw mechanism [41].
The quantization by path integral methods in the Lagrangian formalism [39] and the present
canonical formalism converge, as it was shown by comparing the anomalous propagators ob-
tained in the two approaches. In our canonical description, the relativistic Bogoliubov transfor-
mation which is used for the (partial) diagonalization of the Lagrangian [22, 39] does not play
any role. The advantage of the canonical formalism is that it allows us to define the neutron
and antineutron ”states” and the vacuum condensate offers a richer picture. Flavour states
are defined only as auxiliary notions, which bring the baryonic number into the picture, and
their Fock space is unphysical. An alternative procedure in the context of neutrino mixing has
been developed in [42] (see also [43] and references therein, and [44] as well for a critique of the
method), invoking unitarily inequivalent representations, but in which the flavour Fock space
features as a physical space. The technical details are at variance with the approach presented
in our work.
The method of quantization for oscillating particle systems described in this work can be
easily applied to mixings of Dirac neutrinos. Regarding the seesaw mechanism, a possible
extension of the method will provide also a clarification of the charge conjugation violation by
the vacuum condensate. We plan to study these issues elsewhere.
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A Conventions for spinors
We work with the Dirac representation of the γ-matrices:
γ0 =
(
σ0 0
0 −σ0
)
, γi =
(
0 σi
σi 0
)
, γ5 =
(
0 σ0
σ0 0
)
, (A.1)
where σ0 = 12×2 and σi, i = 1, 2, 3 are the Pauli matrices.
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The solution of the Dirac equation
(iγµ∂µ −m)ψ(x) = 0 (A.2)
is written in mode expansion as
ψ(x) =
∫
d3p
(2π)3/2
√
2ωp
∑
λ
(
aλ(p)uλ(p)e
−ipx + b†λ(p)vλ(p)e
ipx
)
, (A.3)
where λ = ±1
2
are the helicity eigenvalues and p0 = ωp =
√
p2 +m2, with the notation p = |p|.
The spinors uλ(p) and vλ(p) are helicity eigenvectors,
Sˆ · p
p
uλ(p) = λuλ(p),
Sˆ · p
p
vλ(p) = −λvλ(p), (A.4)
with the spin matrix
Sˆi =
1
2
Σi =
(
σi 0
0 σi
)
. (A.5)
The left- and right-handed helicity spinors read:
u↑(p) =
√
ωp +m
(
χ↑
p
ωp+m
χ↑
)
, u↓(p) =
√
ωp +m
(
χ↓
− p
ωp+m
χ↓
)
,
v↑(p) =
√
ωp +m
( − p
ωp+m
η↑
η↑
)
, v↓(p) =
√
ωp +m
( p
ωp+m
η↓
η↓
)
, (A.6)
where the symbol ↑ denotes the right-handed spinor, while ↓ denotes the left-handed spinor.
We use the helicity basis
χ↑ = η↓ =
(
cos θ
2
e−i
φ
2
sin θ
2
ei
φ
2
)
, χ↓ = η↑ =
(
− sin θ
2
e−i
φ
2
cos θ
2
ei
φ
2
)
, (A.7)
with θ and φ being the polar and azimuthal angles of the momentum vector,
p = (p sin θ cos φ, p sin θ sin φ, p cos θ). The basis spinors χλ and ηλ satisfy
(~σ · p)χλ = 2λ pχλ, (~σ · p)ηλ = −2λ p ηλ (A.8)
and are normalized as
χ†λχλ′ = η
†
ληλ′ = δλλ′ , where λ, λ
′ = ±1
2
. (A.9)
We note as well the relations:
χ↑χ
†
↑ + χ↓χ
†
↓ = 12×2, (A.10)
χ↑χ
†
↑ − χ↓χ†↓ =
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
=
~σ · p
p
. (A.11)
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The helicity spinors for the inverted momentum vector −p are obtained by taking θ → π−θ
and φ→ π + φ in (A.6) and they read as follows:
u↑(−p) = i
√
ωp +m
(
η↑
p
ωp+m
η↑
)
, u↓(−p) = i
√
ωp +m
(
η↓
− p
ωp+m
η↓
)
,
v↑(−p) = i
√
ωp +m
( − p
ωp+m
χ↑
χ↑
)
, v↓(−p) = i
√
ωp +m
( p
ωp+m
χ↓
χ↓
)
. (A.12)
The helicity spinors are normalized as
u†λ(p)uλ′(p) = 2ωpδλλ′ ,
u†λ(p)vλ′(−p) = 0, (A.13)
and satisfy the relations:
u¯λ(p)uλ′(p) = 2mδλλ′ ,
v¯λ(p)vλ′(p) = −2mδλλ′ ,
u¯λ(p)vλ′(−p) = −2ip sgnλ δλλ′ ,
v¯λ(p)uλ′(−p) = −2ip sgnλ δλλ′ , (A.14)
as well as
u¯λ(p)γ5uλ′(p) = 0,
v¯λ(p)γ5vλ′(p) = 0,
u¯λ(p)γ5vλ′(−p) = 2iωpδλλ′ ,
v¯λ(p)γ5uλ′(−p) = −2iωpδλλ′ . (A.15)
We also have the relations:
∑
λ
vλ(−p)u¯λ(p) = i(ωp +m)
(
− p
ωp+m
~σ·p
p
p2
(ωp+m)2
12×2
12×2 − pωp+m ~σ·pp
)
, (A.16)
∑
λ
uλ(p)v¯λ(−p) = i(ωp +m)
(
p
ωp+m
~σ·p
p
12×2
p2
(ωp+m)2
12×2
p
ωp+m
~σ·p
p
)
, (A.17)
∑
λ
sgnλ vλ(−p)u¯λ(p) = i(ωp +m)
(
− p
ωp+m
12×2
p2
(ωp+m)2
~σ·p
p
~σ·p
p
− p
ωp+m
12×2
)
, (A.18)
∑
λ
sgnλ uλ(p)v¯λ(−p) = i(ωp +m)
(
p
ωp+m
12×2
~σ·p
p
p2
(ωp+m)2
~σ·p
p
p
ωp+m
12×2
)
. (A.19)
Under the parity transformation,
γ0uλ(p) = iu−λ(−p),
γ0vλ(p) = −iv−λ(−p), (A.20)
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such that the parity operation acts as
Pψ(x, t)P−1 = γ0ψ(−x, t), (A.21)
if
Paλ(p, t)P−1 = ia−λ(−p, t),
Pbλ(p, t)P−1 = ib−λ(−p, t). (A.22)
Under the classical charge conjugation transformation, we have
Cu¯Tλ (p) = sgnλ vλ(p),
Cv¯Tλ (p) = sgnλ uλ(p), (A.23)
such that
Cψ(x)C−1 = Cψ¯T (x) =
∫
d3p
(2π)3/2
√
2ωp
∑
λ
sgnλ
(
bλ(p)uλ(p)e
−ipx + a†λ(p)vλ(p)e
ipx
)
,(A.24)
with
Caλ(p)C−1 = sgnλ bλ(p), Cbλ(p)C−1 = sgnλ aλ(p). (A.25)
B Bogoliubov coefficients from solutions of equations of
motion
As explained in Sect. 3.3, the Bogoliubov transformations can be found alternatively by equat-
ing the explicit solutions of the equations of motion governed by the free Hamiltonian H0 and
by the total Hamiltonian H . This procedure was used by Nambu and Jona-Lasinio [3] (see
also [36]) for going from massless to massive free Dirac fields. In this Appendix we confirm
that this alternative procedure works in the case of the baryon-number violating system with
C invariance described by the Lagrangian (2.4), as long as we apply it to primary Majorana
fields and not to the mixed field Ψ(x).
For the sake of transparency, we shall consider two simpler cases, ǫ5 = 0 and ǫ1 = 0,
respectively. In the first case, we use a top-down approach, which consists in imposing the
boundary condition and deriving the Bogoliubov transformation. In the second case, we use a
bottom-up approach, proving the compatibility of the Bogoliubov transformations (considered
to be known) with the boundary condition and the solutions of the equations of motion.
B.1 Primary fields with scalar Majorana mass (ǫ1 6= 0, ǫ5 = 0)
The primary fields are Majorana fields, satisfying the free Dirac equations
(iγµ∂µ −M+)Ψ+(x) = 0,
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(iγµ∂µ −M−)Ψ−(x) = 0, (B.1)
with M± = m± ǫ1.
The natural identification of fields in the Schro¨dinger picture is then
Ψ±(x, 0) = ψ±(x, 0), (B.2)
where Ψ±(x, 0) satisfy the equations of motion (B.1), and ψ±(x, 0) satisfy the Dirac equation
with mass m, having the expressions (3.16). These solutions are easy to find and quantize. For
example,
Ψ+(x, 0) =
∫
d3p
(2π)3/2
√
2Ω+p
eip·x
∑
λ
(
Aλ(p)Uλ(p) + sgnλ A
†
λ(−p)Vλ(−p)
)
ψ+(x, 0) =
∫
d3p
(2π)3/2
√
2ωp
eip·x
∑
λ
(
aMλ(p)uλ(p) + sgn λ a
†
Mλ(−p)vλ(−p)
)
, (B.3)
where
( 6p−M+)Uλ(p) = 0,
( 6p+M+)Vλ(p) = 0, (B.4)
and we shall consider them of the form (A.6), with m replaced by M+ and ωp replaced by Ω
+
p .
Using (B.2) and (B.3), we find
Aλ(p) =
1
2
√
Ω+p ωp
U †λ(p)uλ(p)aMλ(p) + sgnλ
1
2
√
Ω+p ωp
U †λ(p)vλ(−p)a†Mλ(−p). (B.5)
Comparing this expression with (3.20), we infer that (B.5) represents the Bogoliubov transfor-
mation for ǫ5 = 0. Let us calculate the coefficient of aMλ(p) in (B.5), using (A.6) with the
appropriate adjustments for Uλ(p):
1
2
√
Ω+p ωp
U †λ(p)uλ(p) =
1
2
√
Ω+p ωp
(Ω+p +M+)(ωp +m) + p
2√
(Ω+p +M+)(ωp +m)
=
1√
2Ω+p ωp
(Ω+p +M+ + ωp −m)(ωp +m)√
2(Ω+p +M+)(ωp +m)
=
1√
2Ω+p ωp
√
1
2
[
(ωp +m)(Ω+p + ωp + ǫ1) + (ωp −m)(Ω+p + ωp − ǫ1)
]
=
√
Ω+p + ωp
2Ω+p
+
mǫ1
2Ω+p ωp
, (B.6)
which is indeed identical to α+p from (3.30), for ǫ5 = 0. All the other coefficients will be
similarly found to agree with those obtained by the method of Hamiltonian diagonalization in
(3.30) and (3.32). For m = 0, one obtains the Bogoliubov coefficients of the Nambu–Jona-
Lasinio model [3], with the distinction that in that case the vacuum condensate is formed by
pairs of massless particles (nucleons) and antiparticles of opposite spin and momenta, since the
usual U(1) symmetry is preserved by the Lagrangian at all stages of the analysis.
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B.2 Primary fields with pseudoscalar Majorana mass (ǫ1 = 0, ǫ5 6= 0)
Now we consider the primary Majorana fields satisfying the equations of motion
[iγµ∂µ − (m+ iǫγ5)]Ψ+(x) = 0,
[iγµ∂µ − (m− iǫγ5)]Ψ−(x) = 0. (B.7)
We expand Ψ+(x, 0) according to (3.48) with ǫ1 = 0, as
Ψ+(x, 0) =
∫
d3p
(2π)3/2
√
2Ωp
eip·x
∑
λ
(
Aλ(p)Uλ(p) + sgnλ A
†
λ(−p)Vλ(−p)
)
, (B.8)
where Ωp =
√
p2 +m2 + ǫ25 and
( 6p− (m+ iǫ5γ5))Uλ(p) = 0,
( 6p+ (m+ iǫ5γ5))Vλ(p) = 0. (B.9)
Writing
Uλ(p) =
(
UA(p)
UB(p)
)
, Vλ(p) =
(
VA(p)
VB(p)
)
we find from (B.9) that
UB(p) =
~σ · p− iǫ5
Ωp +m
UA(p),
VA(p) =
~σ · p− iǫ5
Ωp +m
VB(p), (B.10)
or
UB(p) =
2λp− iǫ5
Ωp +m
UA(p),
VA(p) =
−2λp− iǫ5
Ωp +m
VB(p), (B.11)
if we require the spinors Uλ(p) and Vλ(p) to be eigenvectors of the helicity operator as well.
Similarly, Ψ−(x, 0) has the mode expansion
Ψ−(x, 0) =
∫
d3p
(2π)3/2
√
2Ωp
eip·x
∑
λ
(
Bλ(p)U˜λ(p)− sgnλ B†λ(−p)V˜λ(−p)
)
, (B.12)
where
( 6p− (m− iǫ5γ5))U˜λ(p) = 0,
( 6p+ (m− iǫ5γ5))V˜λ(p) = 0. (B.13)
In this case, for
U˜λ(p) =
(
U˜A(p)
U˜B(p)
)
, V˜λ(p) =
(
V˜A(p)
V˜B(p)
)
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we find from (B.13) that
U˜B(p) =
~σ · p+ iǫ5
Ωp +m
U˜A(p),
V˜A(p) =
~σ · p+ iǫ5
Ωp +m
V˜B(p), (B.14)
which become, for helicity spinors,
U˜B(p) =
2λp + iǫ5
Ωp +m
U˜A(p),
V˜A(p) =
−2λp + iǫ5
Ωp +m
V˜B(p). (B.15)
We can impose now the boundary conditions at t = 0,
Ψ±(x, 0) = ψ±(x, 0), (B.16)
where ψ±(x, 0) are given by (3.16). By equating the solutions according to (B.16), we expect
to obtain the Bogoliubov transformations (3.20) for ǫ1 = 0, i.e.
Aλ(p) = αpaMλ(p) + sgnλ βp a
†
Mλ(−p),
Bλ(p) = αpbMλ(p) + sgnλ βp b
†
Mλ(−p), (B.17)
with
αp =
√
Ωp + ωp
2Ωp
, βp = −
√
Ωp − ωp
2Ωp
. (B.18)
In contrast to the preceding subsection, we shall adopt this time a bottom-up approach,
proving the consistency of the boundary condition (B.16) with the Bogoliubov transformations
(B.17). To this end, we start from ψ±(x, 0) written in terms of aMλ, a
†
Mλ and bMλ, b
†
Mλ, as in
(3.16). We consider the Bogoliubov transformations (B.17) known, and apply their inverses
aMλ(p) = αpAλ(p)− sgnλ βpA†λ(−p),
bMλ(p) = αpBλ(p)− sgnλ βpB†λ(−p). (B.19)
The resulting solutions have to be Ψ±(x, 0), i.e. solutions of the equations of motion (B.7), if
the boundary conditions (B.16) are compatible with the Bogoliubov transformations (B.17).
We have only to confirm whether that is indeed the case, by verifying if the conditions (B.11)
and (B.15) are fulfilled.
Let us proceed with ψ+(x, 0):
ψ+(x, 0) =
∫
d3p
(2π)3/2
√
2ωp
eip·x
∑
λ
(
aMλ(p)uλ(p) + sgnλ a
†
Mλ(−p)vλ(−p)
)
,
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=∫
d3p
(2π)3/2
√
2ωp
eip·x
∑
λ
[ (
αpAλ(p)− sgnλ βpA†λ(−p)
)
uλ(p)
+ sgnλ
(
αpA
†
λ(−p) + sgnλ βpAλ(p)
)
vλ(−p)
]
,
=
∫
d3p
(2π)3/2
√
2ωp
eip·x
∑
λ
[
(αpuλ(p) + βpvλ(−p))Aλ(p)
+ sgnλ (αpvλ(−p)− βp uλ(p))A†λ(−p)
]
,
=
∫
d3p
(2π)3/2
√
2Ωp
eip·x
∑
λ
(
Aλ(p)Uλ(p) + sgnλ A
†
λ(−p)Vλ(−p)
)
,
= Ψ+(x, 0). (B.20)
Thus, we identify
Uλ(p) =
√
Ωp
ωp
(
αpuλ(p) + βpvλ(−p)
)
,
Vλ(p) =
√
Ωp
ωp
(
αpvλ(p)− βp uλ(−p)
)
. (B.21)
It remains now to check whether Uλ(p) and Vλ(p) defined by (B.21) do satisfy the conditions
(B.11). Let us verify this for U↑(p), using (A.6), (A.12) and (B.18):
U↑(p) =
√
Ωp
ωp
√
ωp +m
[√
Ωp + ωp
2Ωp
(
χ↑
p
ωp+m
χ↑
)
− i
√
Ωp − ωp
2Ωp
( − p
ωp+m
χ↑
χ↑
)]
=
√
Ωp +m
2Ωp


(√
Ωp + ωp + i
p
ωp+m
√
Ωp − ωp
)
χ↑(√
Ωp + ωp
p
ωp+m
− i√Ωp − ωp)χ↑

 . (B.22)
This spinor is a solution of (B.9), provided that it satisfies (B.11) for λ = 1/2, i.e.√
Ωp + ωp
p
ωp+m
− i√Ωp − ωp√
Ωp + ωp + i
p
ωp+m
√
Ωp − ωp
=
p− iǫ5
Ωp +m
. (B.23)
This equality is straightforwardly confirmed. All the other spinors defined by (B.21) are simi-
larly proven to satisfy (B.11)6.
By similar considerations starting from ψ−(x, 0), one proves that
U˜λ(p) =
√
Ωp
ωp
(
αpuλ(p)− βpvλ(−p)
)
,
6The expression (B.22) justifies why we preferred to adopt the bottom-up approach: the form of the solution
for which the Bogoliubov transformations (B.17) are obtained would be very difficult to guess based only on
the conditions (B.11).
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V˜λ(p) =
√
Ωp
ωp
(
αpvλ(p) + βp uλ(−p)
)
(B.24)
satisfy the corresponding equations of motion (B.15).
References
[1] J. Bardeen, L. N. Cooper and J. R. Schrieffer, ”Microscopic Theory of Superconductivity”,
Phys. Rev. 106 (1957) 162.
[2] N. N. Bogoliubov, ”A New Method in the Theory of Superconductivity. I”, J. Exptl.
Theoret. Phys. (U.S.S.R.) 34 (1958) 58 [translation: Soviet Phys. JETP 34 (1958) 41].
N. N. Bogoliubov, V. V. Tolmachev and D. V. Shirkov, ”A Method in the Theory of
Superconductivity” (Academy of Sciences of U.S.S.R., Moscow, 1958).
[3] Y. Nambu and G. Jona-Lasinio, ”Dynamical Model of Elementary Particles Based on an
Analogy with Superconductivity. I”, Phys. Rev. 122 (1961) 345.
[4] F. Wilczek, “BCS as Foundation and Inspiration: The Transmutation of Symmetry,” in
”BCS: 50 Years”, eds. L. N. Cooper and D. E. Feldman, World Scientific, Singapore, 2011;
Mod. Phys. Lett. A 25 (2010) 3169 [arXiv:1008.1741 [cond-mat.supr-con]].
[5] V.A. Kuzmin, ”CP-noninvariance and baryon asymmetry of the universe”, JETP Lett. 12
(1970) 228.
[6] R. N. Mohapatra and R. E. Marshak, “Local B-L Symmetry of Electroweak Interactions,
Majorana Neutrinos and Neutron Oscillations,” Phys. Rev. Lett. 44 (1980) 1316.
[7] S.L. Glashow, ”The future of elementary particle physics”, in Proc. 1979 Carge`se Summer
Institute on Quarks and Leptons, edited by M. Le´vy et al. (New York: Plenum, 1980) p.
687.
[8] L. N. Chang and N. P. Chang, “B-L Nonconservation and Neutron Oscillation,” Phys.
Lett. 92B (1980) 103.
[9] R. N. Mohapatra and R. E. Marshak, “Phenomenology of Neutron Oscillations,” Phys.
Lett. 94B (1980) 183
[10] T. K. Kuo and S. T. Love, “Neutron Oscillations and the Existence of Massive Neutral
Leptons,” Phys. Rev. Lett. 45 (1980) 93.
[11] L. N. Chang and N. P. Chang, “Structure of the Vacuum and Neutron and Neutrino
Oscillations,” Phys. Rev. Lett. 45 (1980) 1540.
[12] S. Rao and R. E. Shrock, “n − n¯ Transition Operators and their Matrix Elements in the
MIT Bag Model”, Phys. Lett. 116B, 238-242 (1982).
35
[13] D. G. Phillips, II et al., “Neutron-Antineutron Oscillations: Theoretical Status and Ex-
perimental Prospects,” Phys. Rept. 612 (2016) 1 [arXiv:1410.1100 [hep-ex]].
[14] M. Baldo-Ceolin et al. [ILL Collaboration], “A New experimental limit on neutron - anti-
neutron oscillations,” Z. Phys. C 63 (1994) 409.
J. Chung et al. [Soudan II Collaboration], ”Search for Neutron-Antineutron Oscil-
lations Using Multiprong Events in Soudan 2”, Phys. Rev. D 66 (2002) 032004
[arXiv:hep-ex/0205093].
K. Abe et al. [Super-Kamiokande Collaboration], ”Search for n-nbar oscillation in Super-
Kamiokande”, Phys. Rev. D91 (2015) 072006 [arXiv: 1109.4227].
B. Aharmim et al. [SNO Collaboration], “The search for neutron-antineutron oscillations
at the Sudbury Neutrino Observatory,” Phys. Rev. D 96 (2017) 092005 [arXiv:1705.00696
[hep-ex]].
[15] D. Milstead, “A new high sensitivity search for neutron-antineutron oscillations at the
ESS,” in the Proceedings of the 2015 European Physical Society Conference on High
Energy Physics (EPS-HEP 2015), Vienna, Austria, PoS EPS -HEP2015 (2015) 603
[arXiv:1510.01569 [physics.ins-det]].
[16] Z. Berezhiani and L. Bento, “Neutron - mirror neutron oscillations: How fast might they
be?,” Phys. Rev. Lett. 96 (2006) 081801 [hep-ph/0507031].
[17] L. J. Broussard et al., “New Search for Mirror Neutrons at HFIR,” in the Proceedings
of the Meeting of the APS Division of Particles and Fields, Batavia, Illinois, USA, 2017,
arXiv:1710.00767 [hep-ex].
[18] K. S. Babu and R. N. Mohapatra, Observable neutron anti-neutron oscillations in seesaw
models of neutrino mass, Phys. Lett. B 518, 269 (2001).
[19] S. Nussinov and R. Shrock, n− n¯ oscillations in models with large extra dimensions, Phys.
Rev. Lett. 88, 171601 (2002).
[20] K. S. Babu, P. S. Bhupal Dev, E. C. F. S. Fortes and R. N. Mohapatra, Post-Sphaleron
Baryogenesis and an Upper Limit on the Neutron-Antineutron Oscillation Time, Phys.
Rev. D 87, no. 11, 115019 (2013)
[21] R. Barbieri and R. N. Mohapatra, “Spontaneous Breaking of Global Baryon Number
Symmetry,” Z. Phys. C 11 (1981) 175.
Z. Berezhiani, “Neutron-antineutron oscillation and baryonic majoron: low scale sponta-
neous baryon violation,” Eur. Phys. J. C 76 (2016) 705 [arXiv:1507.05478 [hep-ph]].
[22] K. Fujikawa and A. Tureanu, “Parity-doublet representation of Majorana fermions and
neutron oscillation,” Phys. Rev. D 94 (2016) 115009 [arXiv:1609.03203 [hep-ph]].
[23] K. Fujikawa and A. Tureanu, “Majorana Neutrino as Bogoliubov Quasiparticle,” Phys.
Lett. B 774 (2017) 273 [arXiv:1708.01438 [hep-ph]].
36
K. Fujikawa and A. Tureanu, “Majorana neutrino in seesaw mechanism and Bogoliubov
quasiparticle,” Phys. Rev. D 97 (2018) 055042 [arXiv:1709.04706 [hep-ph]].
[24] S. M. Bilenky, “Neutrino. History of a unique particle,” Eur. Phys. J. H 38 (2013) 345
[arXiv:1210.3065 [hep-ph]].
[25] C. Giunti, C. W. Kim, J. A. Lee and U. W. Lee, “On the treatment of neutrino oscillations
without resort to weak eigenstates,” Phys. Rev. D 48 (1993) 4310 [hep-ph/9305276].
[26] M. Beuthe, “Oscillations of neutrinos and mesons in quantum field theory,” Phys. Rept.
375 (2003) 105 [hep-ph/0109119].
E. K. Akhmedov and J. Kopp, “Neutrino oscillations: Quantum mechanics vs. quantum
field theory,” JHEP 1004 (2010) 008 [arXiv:1001.4815 [hep-ph]].
[27] E. K. Akhmedov and A. Y. Smirnov, “Paradoxes of neutrino oscillations,” Phys. Atom.
Nucl. 72 (2009) 1363 [arXiv:0905.1903 [hep-ph]].
[28] Z. Berezhiani and A. Vainshtein, “Neutron-Antineutron Oscillation as a Signal of CP
Violation,” arXiv:1506.05096 [hep-ph].
[29] K. Fujikawa and A. Tureanu, ”Neutron-antineutron oscillation and parity and CP symme-
tries”, arXiv:1510.00868 (see also [22]).
[30] D. McKeen and A. E. Nelson, “CP Violating Baryon Oscillations,” Phys. Rev. D 94 (2016)
076002 [arXiv:1512.05359 [hep-ph]].
[31] S. Gardner and X. Yan, “CPT, CP, and C transformations of fermions, and their conse-
quences, in theories with B-L violation,” Phys. Rev. D 93 (2016) 096008 [arXiv:1602.00693
[hep-ph]].
[32] K. Fujikawa and A. Tureanu, “Naturalness in see-saw mechanism and Bogoliubov trans-
formation,” Phys. Lett. B 767 (2017) 199 [arXiv:1609.03309 [hep-ph]].
[33] M. Tinkham, ”Introduction to Superconductivity” (2nd edition), McGraw Hill, 1996.
[34] H. Umezawa, Y. Takahashi and S. Kamefuchi, ”The Mass Levels and the Broken Symmetry
in Terms of Inequivalent Representations”, Ann. Phys. 26 (1964) 336.
[35] H. Umezawa, H. Matsumoto and M. Tachiki, ”Thermo Field Dynamics and Condensed
States”, North-Holland Publishing Company, 1982.
[36] R. Haag, “On quantum field theories,” Kong. Dan. Vid. Sel. Mat. Fys. Med. 29N12 (1955)
1 [Z. Phys. 141 (1955) 217] [Phil. Mag. Ser. 7 46 (1955) 376].
[37] N. N. Bogoliubov and D. V. Shirkov, ”Quantum Fields”, Benjamin/Cummings, 1983.
[38] S. Coleman, ”The Invariance of the Vacuum is the Invariance of the World”, J. Math.
Phys. 7 (1966) 787.
37
[39] K. Fujikawa and A. Tureanu, “Baryon-number violation and novel canonical anti-
commutation relations,” Phys. Lett. B 777 (2018) 240 [arXiv:1711.01810 [hep-th]].
[40] K. Fujikawa, “Majorana neutrino and the vacuum of Bogoliubov quasiparticle,”
arXiv:1801.06960 [hep-th].
[41] Work in progress.
[42] M. Blasone and G. Vitiello, “Quantum field theory of fermion mixing,” Annals Phys. 244
(1995) 283 [hep-ph/9501263].
[43] M. Blasone, M. V. Gargiulo and G. Vitiello, “On the roˆle of rotations and Bogoliubov
transformations in neutrino mixing,” Phys. Lett. B 761 (2016) 104 [arXiv:1608.04709
[hep-th]].
[44] C. Giunti, “Fock states of flavor neutrinos are unphysical,” Eur. Phys. J. C 39 (2005) 377,
[hep-ph/0312256].
38
